Various aspects of fatigue damage in particle reinforced metal matrix composites (PMMCs) are elaborated. Experimental results are first presented which indicate that PMMCs have isotropic properties on the macroscopic scale. However, inhomogeneity in the micro-structural level affects their stress-strain response. The stress-strain relationships are discussed for the uniaxial, proportional and non-proportional biaxial cyclic strain paths. The micro-mechanical methods to predict the mechanical and cyclic properties are subsequently presented.
Introduction
Particle-reinforced metal matrix composites (PMMCs) are produced by adding ceramic particles such as alumina (Al 2 O 3 ) or silicon carbide (SiC) into molten metals (e.g. aluminum alloys or titanium alloys), and mixed to disperse particles as uniformly as possible. Powder metallurgy processing methods have also been used in the production of PMMCs. The resulting PMMCs generally have isotropic properties in the macroscopic scale. Compared with their fiber-reinforced counter parts, the production cost of PMMCs is much lower, and most of the present manufacturing techniques of metals can be easily adapted to PMMCs.
By adding particles in sufficient volume fraction (e.g. >10%) one notes a substantial increase in stiffness and yield strength and to a lesser extent ultimate strength in comparison to the unreinforced alloy. However, the ductility of the PMMCs is generally reduced when compared with the unreinforced metals. The reduction in ductility increases with the increase of the particle volume fraction (Lloyd, [1] ). Thus, there is a compromise between the stiffness increase and ductility reduction, and for this reason the particle volume fraction is generally kept below 30%. The reduction in ductility arises from the non-uniform size and distribution of particles in the microscopic scale, which results in localized damage sites, e.g. Davidson [2] . Furthermore, due to the mismatch of thermal and mechanical properties of the matrix metals and reinforcing ceramic particles, internal residual stresses are generated during the processing of PMMCs. Through proper post-processing heat treatment, one attempts to reduce the internal residual stress without compromising the increase in yield strength and stiffness. Notwithstanding the above, PMMCs are good candidate materials where high strength to weight ratio are desirable. Hence they have found applications in the aerospace and automotive industries as well as recreational/sports equipments. It is not our intention in this Chapter to give an overview of the application of the metal matrix composites; refs [3, 4] are to be consulted for this purpose.
The focus of this chapter is on the fatigue resistance of PMMCs. This subject is becoming of importance as more PMMC products are used in fatigue-sensitive applications. To put the subject into a proper perspective, this chapter is divided into seven sections. The deformation of PMMCs under monotonic, cyclic uniaxial and multiaxial loads is described in the section which follows. In addition to the experimental results, predictions by a micro-mechanical approach are also presented.
In Section 3 the effects of the inhomogeneous distribution of particles on the damage development will be discussed. It will be shown that unavoidable particle clusters are sources of crack initiation as well as short crack trapping. Since damage initiates at a microscopic level, it is useful to investigate which continuum (macro) parameter can correlate with the micro-damage mechanisms. This will be the focus of Section 4. The resistance of PMMCs to short and long crack growth will be elucidated in Section 5. It will be pointed out that the direction and growth rate of short cracks is greatly influenced by the large particles. In contrast, particles are ineffective in impeding the growth of a long crack.
The fatigue resistance and fatigue damage mechanisms of PMMCs under both uniaxial and multiaxial loading will be discussed in Section 6. The results will be compared with the unreinforced metal alloy. It will be noted that while the fatigue life of PMMCs is superior to that of the unreinforced alloy in the high cycle (low strain) regime, the situation is reversed at the low cycle (high strain) region. Finally, the salient results will be summarized in a concluding section.
elastically. However, dispersion of ceramic particles in metallic matrices can cause microstructural changes such as higher dislocation density (Christman, [5] ), smaller average grain size, (Poza, [6] ), etc. Consequently, the PMMCs can have a more complex deformation behavior, which may not be observed in pure metals or alloys. There have been numerous papers published on the mechanical and fatigue behavior of PMMCs, for example, see references [7] [8] [9] [10] [11] [12] , among others. In the following some typical experimental results of an alumina particle reinforced 6061aluminum alloy with different heat-treatment conditions will be presented (Xia, [7] , Meijer, [8] ). The experiments were conducted on thin-walled tubular specimens by using a modified MTS system [7] . Axial load and an internal/external pressure differential can be applied on the specimens. The radial stress was negligible compared to the axial and hoop stresses due to the thin wall section. Thus, it can be assumed that the specimens were in a biaxial stress state. Figure 1 shows the uniaxial stress-strain curves of 20% Al 2 O 3 6061-T0 (annealed), 20% Al 2 O 3 6061-T6 (solution heat-treated and precipitation hardening) and the corresponding unrienforced aluminum alloys with the same heat-treatment conditions. It is seen that adding the ceramic particles increases the stiffness and strength (elastic modulus, 0.2% offset yield stress, and ultimate strength). It is also noted that the proportion limit of the composite becomes lower than that of the matrix alloy alone. For the 6061-T0 alloy it is 34 MPa, while for that of the 20% Al 2 O 3 6061-T0 PMMC is 20 MPa. For the T6 treatment, the values are 264 MPa and 185 MPa, respectively. Therefore, the stress-strain curves for the composites have a longer elastic-plastic transition region which results in greater strength (see fig. 1 ). This means that plastic deformation occurs in the matrix at lower global stress levels for the composites. It can be attributed to the local stress concentrations due to existence of the particles.
Uniaxial monotonic and cyclic tests
The fully-reversed, strain-controlled uniaxial cyclic tests were carried out for the above two heat-treated PMMCs. Figure 2 shows the first ten cycles of stress/strain loops of the two tests. The relative change of stress range with the increasing number of cycles which indicates the degree of cyclic strain hardening is shown in fig. 3 . In this figure the ordinate is made non-dimensional by dividing the stress range by its value in the first cycle. It can be seen that for the specimen with T6 heat treatment ( ε/2 = 0.4%) cyclic hardening was observed only in the first two cycles, the stress range remained stable (with a small amount of softening) until the failure (N f = 1214 cycles). For the T0 specimen ( ε/2 = 0.3%) the stress range increased steadily in the first 10 cycles and thereafter it was relatively stable up to about 100 cycles. Following this, the cyclichardening process resumed again and lasted until failure of the specimen (N f = 1430 cycles). All these observations are very similar to that of the unreinforced matrix material. There is a great amount of cyclic hardening for the under-aged or annealed matrix materials while very little for the fully-aged ones (Llorca, [13] ). The changes in cyclic loading are primarily induced by matrix plastic deformation. However, the initial hardening can be accelerated due to the higher dislocation density introduced by particles.
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Equi-biaxial and 90
• out-of-phase cyclic tests The cyclic stain paths for the equi-biaxial and 90 • out-of-phase cyclic tests are shown in fig. 4 . The former is a proportional while the latter is a non-proportional loading path. The first 10 cycles of stress-strain loops with a strain amplitude of 0.225% for a specimen with T6 condition under equi-biaxial loading, are shown in fig. 5 . It can be seen that the responses in the axial and hoop directions are similarly indicating an isotropic behavior of this material. Again, the cyclic hardening occurs only in the first two cycles and thereafter the response is stable until failure.
The hoop stress-strain loops for the specimen with T0 condition under strain amplitude of ε a /2 = ε h /2 = 0.25% are shown in fig. 6 . The data in the axial direction are omitted because the response in the axial direction is very similar to that in the hoop direction, again indicative of the isotropic behavior. A change in the material response can be observed when one examines the slopes of the elastic loading parts of the stress-strain hysteresis loops (straight-line segments AB in fig. 6 ). The slopes of these segments are continuously decreasing with increasing cycles, which indicates a loss of elastic modulus. The amount of decrease in elastic modulus reached about www.witpress.com, ISSN 1755-8336 (on-line) 30% in this test. A microscopic examination of the cross-section of this specimen indicated that damage in the form of interface dedonding between the matrix and particles occurred, and primary cracks were propagating around the particles [8] . Such a phenomenon was not observed in the uniaxial cyclic test with the same or even larger equivalent strain magnitudes. Therefore, an equibiaxial loading causes more damage than a uniaxial one with the same applied equivalent strain magnitude, which is attributed to the deformation state near the matrix and particle interface. This experimental observation was confirmed with the micro-mechanical analysis. It was found in (Li, [14] ) that under the same global equivalent stress level, both the maximum principal stress in particle and the normal stress at the interface were higher in the equi-biaxial loading than that in the uniaxial one.
A finite element analysis on the unit cell model (Ellyin, [15] ) has also confirmed that the plastic deformation occurs all around the interface in the biaxial loading while it is only in a small local area of the interface in the uniaxial loading. Furthermore, analysis of the debonded unit cell shows that the interface damage has a more pronounced effect on the material's overall properties under a biaxial loading in comparison with that of a uniaxial one. The cyclic hardening and the interface damage are all related to the matrix plastic deformation. This also explains why the loss of elastic modulus was not observed in the specimens with the T6 condition. A much smaller amount of plastic deformation was involved in the tests with the T6 condition (see fig. 5 ).
For the biaxial cyclic tests, von Mises equivalent stress can be used to evaluate the degree of cyclic strain hardening, which is defined as:
The variation of the equivalent stress range, σ eq , with the number of cycles for the equi-biaxial cyclic test is shown in fig. 7 . In this figure the ordinate is made non-dimensional through division by the value of the stress range in the first cycle. It indicates a similar three-stage hardening as the curve in fig. 3 for the uniaxial cyclic test. Because of the combined effect of the plastic strain hardening and the loss of elastic modulus, the amount of increase in stress ranges in the first and third stages in equi-biaxial loading becomes smaller and at the second stage, the stress range is decreasing instead of remaining stable as in the case of uniaxial cycling (figs 3 and 7). The strain path in the 90 • out-of-phase cyclic test is a circular one (see fig. 4 ). Due to the very limited plastic deformation involved in the specimen with the T6 condition, a relatively stable response was observed until the failure, except for a small amount of hardening during the first few cycles. For the specimen with T0 condition, a similar phenomenon to that of the equibiaxial cyclic test was observed. That is, there were three stages of hardening behavior during the entire life of cyclic loading and a significant loss of elastic modulus with the increasing cycles. An additional observation was that the amount of cyclic hardening was higher in the out-ofphase cyclic test than that in the equi-biaxial test with the same strain amplitude. For the metals and alloys, this phenomenon is called the "cross-effect" due to non-proportional loading path (Ellyin, [16] ). Figure 7 shows the changes of equivalent stress range with the increasing number of applied cycles for the equi-biaxial and out-of-phase cyclic tests. The cross-effect can clearly be observed from the figure.
Prediction of mechanical properties by using representative volume elements

Unit cell models
Micro-mechanical modeling method is extensively used in obtaining the global properties of composites. This method assumes that the reinforcing phase (fibers, whiskers or particles) is uniformly distributed in the matrix phase in a periodical pattern. Therefore one can take the smallest periodic unit as a representative volume element (RVE, or commonly called unit cell) of the composite and use it to predict global property of the composite either by analytical or numerical methods. Among them, the finite element method (FEM) is the most versatile and most commonly used. The micro-mechanical method is also convenient to carry out parametric studies. Various mechanisms including damage initiation and propagation and their influence on the global performance of the composite can be studied.
When this method is applied to the particle reinforced metal matrix composites, all particles are assumed to have the same shape and size. The choice of particle shape is somewhat ambiguous; spherical, cubical or short cylindrical shapes have been used. Once the shape is chosen the relative size of particle is determined from the volume fraction of the reinforcement in the composite. Therefore, the unit cell models are scale independent. In addition, different unit cell geometries can be selected depending on the pattern of the periodic arrangement. Figure 8 shows how a simple cubic or a body centred cubic unit cell is produced. In a study by (Kujawski, [17] ), it was shown that the simple cubic produced the greatest stiffness, while the body centred cubic provided a lower bound. Other types of unit cell models such as hexagonal prism unit cell (Teply, [18] ), cylindrical unit cell model (Tvergaard, [19] ) have also been used. Meijer et al. [8] have carried out biaxial cyclic analysis of 20% Al 2 O 3 -6061 Al composite in T0 and T6 conditions. It is worth emphasizing that to obtain reliable results from a micro-mechanical analysis, an important prerequisite is the accurate representation of the elastic-plastic behavior of the metal matrix material. That is, an accurate elastoplastic constitutive model is required. The predicted uniaxial monotonic stress-strain curves for the 20% Al 2 O 3 -6061 Al PMMC in T0 and T6 conditions are shown in fig. 1 . Figures 9 and 10 show, respectively, the experimental and the Both spherical and cubic shaped particles were analyzed. It was found that the cubic shaped particles predicted a greater initial hardening response and therefore a higher stiffness compared to the spherical particles. While a cube might be a better representation of the angular particles, the unit cell containing spherical inclusions predicted results which were closer to the experimental ones. The results in figs 1 and 10 are based on the spherical particle representation.
Digital image based finite element method
Actual particles in PMMCs are characterized by highly angular geometry of varying sizes. Although the unit cell approach has been an effective approach for predicting global stressstrain relations and for explaining the relative effects of various parameters, its use in predicting damage initiation and development is limited. This is because the highly idealised unit cell models cannot represent the local variability in particle size and distribution, which exists in the actual PMMCs and which has been shown to control the damage initiation. An alternative is the construction of a RVE based on an actual micro-structural representation, i.e. a micrographic image. In (Wolodko, [20] ) a digital image based finite element method (DIB-FE) was used to predict the cyclic behavior of 20% Al 2 O 3 -6061Al-T0 composite. A flow-chart for the image processing and mesh generation is shown in fig. 11 . After capture of an image, through a process of filtering and thresholding, the original image is converted into a binary grayscale image format, i.e. only two types of area are distinguished: black (particles) and white (matrix). Next, the binary image is meshed with grid elements. The size of the grid elements must be small enough to produce same fraction of particle elements as the fraction of the particles in the original image. The finite element analysis is then carried out to the meshed micromechanical image.
By using actual micro-mechanical image, there is no ambiguity in selection of reinforcement shape, size, spacing, or orientation that is found in unit cell approximation. However, a question that must be addressed is at what length-scale the image (size of observation window) becomes www.witpress.com, ISSN 1755-8336 (on-line) representative of the global material behavior? One possible measure of the minimum applicable length scale, based solely on geometric consideration, could be the variation in particle lineal fraction. The lineal fraction is the ratio of the number of pixels corresponding to the particle phase to the total number of pixels in one particular line segment drawn in the image window. From one image, one can draw many lines (horizontal and vertical lines) and calculate the lineal fraction for each line. Therefore, a large population of lineal fraction samples can be obtained. Figure 12 shows the statistical distribution of the lineal fraction from different length-scale image samples. It can be seen that with increasing length-scale a dominant central tendency emerges (at 20%) with reduction in scatter. By defining an appropriate statistical limit on the measured variation in lineal fraction, an appropriate RVE size may be selected. Based on an image with a length-scale of 530 µm (top image in fig. 12 ) the predicted global stress-strain curve of 20% Al 2 O 3 -6061Al-T0 composite is shown in fig. 13 . The results based on two 3D unit cell models (spherical and cubic particles, respectively) are also presented in the figure. It can be seen that the DIB model is closer to the test data. Based on such a realistic RVE model, one would expect to obtain more precise predictions of the characteristics of local damage initiation and propagation in the PMMCs.
Effect of inhomogeneity on the fatigue behavior of PMMCs
Inhomogeneity in particulate reinforced metal matrix composites refers to the non-uniformity in the aspects of particle size, particle shape, as well as particle distribution.
Inhomogeneous particle size and shape
Particles with significantly larger size than that of the average are found to have deleterious effect on the PMMCs properties. It has been found that large particles are easier to be fractured than debonded. This is due to the fact that a higher stress concentration occurs at the large particles (Li, [21] ). On the other hand, debonding is easy to occur at larger particles near the surface. Figure 14 shows a debonded large particle near the surface of an alumina/6061 aluminium composite under cyclic loading. It is noteworthy to observe that at the specimen surface the stress state is close to a plane stress, while it may be close to a plane strain, or a triaxial stress state at the inside of large specimens. The weak constraint of the matrix deformation from a plane stress state contributes to the easy debonding of the larger particles on the surface. Particle shape also plays a significant role in inducing the stress concentration. Generally, sharp edges cause higher stress concentrations at the particles and the adjacent matrix. High stress concentration frequently causes crack initiation.
Inhomogeneous particle distribution in PMMCs
The inhomogeneous distribution of particles, or clustering distribution of particles is inevitable. Figure 14 displays a cluster of alumina particles in a 15% alumina reinforced 6061 Al composite. The local volume fraction of particles exceeds 43%. The inhomogeneous distribution originates from the manufacturing process. During the casting process, some particles may be pushed together by the advancing solidification fronts to form a cluster. Therefore, a high cooling rate reduces the clustering to a certain degree. For the particulate composites made by a powder metallurgy technique, the clustering particles may form due to the inhomogeneous dispersion.
The distribution of particles can be measured either by inter-particle distance between neighboring particles, or by local volume fraction of particles.
There are two types of inhomogeneous distribution of particles. The first type is a quasi-random distribution. The statistical distribution measured by inter-distance of particles is invariant with respect to the position in the space. This kind of inhomogeneous distribution is "uniform" across the entire space and cannot be measured by local volume fraction of particles. For the second type of inhomogeneous distribution, the mean value of the inter-distance in some regions is lower than the mean value for the material. The commonly observed clustering in the engineering PMMCs belongs to the second type of inhomogeneous distribution. This type of inhomogeneity can be measured by local volume fraction. The first type can be seen as a microscopic inhomogeneous distribution, while the second one is a meso-scale inhomogeneity. In this section we will focus on the latter type of clustering distribution of particles.
Effect of clustering distribution on monotonic mechanical behavior
It is found that the particle clustering has no major effects on the macroscopic elastic moduli, yield strength and fracture strength of the composites. However, the particle clustering significantly Figure 15 : A fatigue crack initiated from a sharp edge of a particle at the specimen surface (with permission of Elsevier from [21] ).
reduces the ductility of the composite. The ductility of materials generally refers to the elongation at fracture, area reduction at fracture as well as the fracture toughness. Generally, clusters reduce the ductility of the composites in comparison with the one with less clusters. Tao et al. [22] have measured the fracture toughness of 356/SiCp composite and found that the fracture toughness decreases with the minimum interparticle spacing. Watt et al. [23] have performed three dimensional finite element analysis showing very high triaxial stresses at the matrix area between the closely spaced particles. The ductility reduction by the clustering distribution has been attributed to several factors, such as defect concentration, and the triaxiality of stress state in the clustering regions. The stress triaxiality prevents the plastic strain relaxation, thus causing fracture at lower strain level.
Effect of clustering distribution on fatigue properties of PMMCs
Fatigue damage in PMMCs was investigated by using shallow notch specimens. The specimen material was 6061 Al with 20% volume fraction of alumina particles (Li, [21] ). The average size of the particles was 12 microns. The specimens were heat-treated to T6 condition. The notch surfaces were electro-polished. Cyclic fatigue tests on polished specimens were conducted. The damage accumulation was periodically checked by using optical and scanning electro-microscope during the fatigue tests. Three types of damage were seen on the electro-polished surfaces. They were particle debonding, particle fracture and matrix cracking. Most matrix cracks in this composite were induced by particle debonding and particle fracture. It is of significance to note that all three types of fatigue damage preferably locate at the clustering regions. In the cluster regions shown in fig. 14, particle fracture, debonding as well as the matrix cracking are found. The particle fallen in the center of the particle cluster was due to the debonding. Figure 15 shows a short crack initiation from a sharp edge of a particle on the free surface. It seems that the crack initially propagated along a slip band in a free particle area. When the crack front met the clusters, the crack path changed. As the damage develops in the cluster, the crack growth is assisted by particle debonding and particle fracture. In the later case, the damage development in the cluster also plays an essential role in leading to final fatigue failure.
The damage development in the clustering regions is termed as localized damage. The localized damage is a predominant phenomenon in the high cyclic fatigue range. As the load www.witpress.com, ISSN 1755-8336 (on-line) cycles continues, the matrix crack grows out of the cluster regions and becomes a long crack leading to the fatal failure.
There are several reasons why the cluster is a preferable site of damage localization. First, the higher local volume fraction in the cluster causes higher local stresses. Second, the clusters are also the place of high density of defects, such as contacted particles, larger particles and fractured particles. These defects are easy to become a crack in the early stage of cyclic loading.
Integrated modeling of inhomogeneous distribution of particles undergoing localized damage
Two methodologies have been developed to evaluate the effect of clusters on the mechanical properties and fatigue resistance of PMMCs. The first one is a digital image based finite element model as mentioned in Section 2.2.2 (Wolodko, [20] ). This method is based on the real image directly taken from the microscopic observation. It is suitable for the determination of a representative volume element of particle distribution.
Experimental observations (as shown in fig. 14) have indicated that fatigue damage predominantly initiates and localizes in some clustering regions of certain size range and certain degree of inhomogeneity. The association of damage localization and meso-scale structural inhomogeneity can be attributed to several factors, such as high local stresses, more crack-like defects in the clustering regions of the composites.
The integrated simulation method, (Li, [24, 25] ) models the clusters undergoing localized damage as new homogeneous phases like a "larger particle" with changed properties. This not only enables an analytical formulation, but also provides for an easy approach to carry out the finite element analysis. The integrated model is established by the identification of the characteristic inhomogeneity regions, meso-scale homogenization and introduction of a local damage factor. For particulate composites, the first step is to conduct a microscopic observation of damage localization on the polished surface of specimens under cyclic loading and to measure the local volume fraction. Through this correlation, the characteristic inhomogeneity regions can be identified as containing a certain size of clusters with a certain local volume fraction of particles.
Following the determination of the characteristic inhomogeneity regions, they are locally homogenized through the introduction of a local damage factor. The regions are then mapped into homogeneous domains. Figure 16 displays the process of mapping.
A local damage factor or a meso-damage factor is then defined by the relative change of the in situ modulus of the meso-domains,
in which E ms (0) is the elastic modulus of the undamaged medium and E ms (D ms ) is the in situ elastic modulus of the meso-domain at a certain local damage stage. The in situ reflects the effect of constraint of the surrounding domains on the load-carrying capability of the domains undergoing localized damage. In other words, only the change of in situ local material properties of the domains can be a direct signal of the local damage development. After the integrated simulation, the inhomogeneous particle composite undergoing localized damage becomes a two-phase homogeneous composites. If the meso-domains are not uniformly distributed, the finite element method provides a better approach. This model can reveal the interaction of inhomogeneous distributed clusters, and the average stress/strain in the clusters. The integrated simulation of the clustering inhomogeneity and localized damage provides a new computational methodology to analyze the effect of localized inhomogeneity undergoing damage. Thus, in this approach clusters undergoing localized damage are converted into a mesoscale homogeneous medium with a local damage factor enabling the application of the continuum damage mechanics [24, 25] .
The integrated simulation makes the finite element method an efficient tool to reveal the local stress-strain states within the clusters undergoing localized damage and the interaction between the clusters.
Multiaxial fatigue damage mechanisms and micro-macro correlation of PMMCs
Effect of multiaxial stress state on the fatigue damage in PMMCs
The increasing use of metal matrix composites in high performance structures requires a suitable design methodology under multiaxial loading, as well as a better understanding of damage mechanisms. It is found that particle fracture, interface debonding and matrix cracking are the major damage mechanisms of PMMCs (Li, [21] ). Notable differences in response to the stress triaxiality of PMMCs from the unreinforced alloys have been reported (Someday, [26] ). It was found that the stress triaxiality in the notch root of particulate composites has little effect on the ductility of the composite, while it significantly reduces the ductility of unreinforced alloy. The insensitivity of PMMCs ductility to multiaxial stress states has been attributed to the existence of the plastic deformation in the matrix between particles (Ellyin, [27] ). It was also indicated that the particle fracture is dominant under uniaxial cyclic loading, while debonding is dominant in the thin walled tube specimens under equi-biaxial loading. Figure 17 shows the micrograph of a fatigue failed specimen surface under equi-biaxial strain of 0.2%, showing numerous small cracks initiated from debonded particles. 
Micro-damage criteria for PMMCs
There are three types of criterion proposed for particle debonding: stress, strain and strain energybased criteria. Among them, the stress criterion implies that an interface debonding occurs when the local normal stress at the interface, σ i n , reaches the interfacial strength, σ c (Chang, [28] ), i.e. σ i n = σ c . The experimental results suggest that under equi-biaxial strain, a particle fractures under tensile loading when the maximum principal stress at the particle exceeds the fracture strength of the particle. However, the fracture strength of a particle is not a constant, it depends on the size, shape and heat-treatment.
Micro-macro correlation for PMMCs undergoing multiaxial damage
Based on the above micro-damage criteria, a comparative study was conducted to investigate the correlation between the macro-damage parameters with the above micro-damage criteria for the PMMCs under equi-biaxial and uniaxial loading.
A three-dimensional, body centred cubic (BCC) unit cell was used for alumina particle reinforced 6061 aluminium alloy composite. To ensure that a BCC unit cell model is a representative volume element of the composite material, it is necessary to enforce boundary conditions which conform to general periodic deformation. Figure 18 displays the model and one eighth of the body used in finite element analysis.
The FEM analysis shows that the interfacial normal stress under equi-biaxial stress is higher than that under uniaxial loading of the same equivalent stress level. Moreover, the maximum principal stress at particles is also much higher under equi-biaxial loading of the same equivalent stress value. This is different from that of homogeneous materials where the applied multiaxial stress state of the same equivalent stress does not affect the local maximum principal stress. Hence, the multiaxiality of the applied stress state promotes damage in metal matrix composites.
Using the stress-based micro-damage criteria, a correlation with several macroscopic damage parameters was calculated for uniaxial and biaxial loading in the FEM analysis. The maximum interfacial normal stress versus the applied equivalent stress in the BCC unit cell under equibiaxial loading is shown in fig. 19 and is compared with that of uniaxial loading. As shown in the figure, the equi-biaxial stress induces higher interfacial normal stress than that of the uniaxial loading of the same applied equivalent stress value. Figure 20 shows the maximum interfacial stress in the particle plotted against the applied strain energy. It is interesting to note that the micro-damage parameters under uniaxial and biaxial loading follow the same linear relation with the macro-strain energy. In comparison with fig. 19 , it is seen that the difference between the uniaxial loading and multiaxial loading has disappeared by using the strain energy parameter. This indicates that the strain energy is a better macroscopic parameter to correlate with the microscopic damage under different stress state.
Short and long crack growth
Short crack growth
It was mentioned earlier that generally particle clusters and often large particles, are sites of short crack initiation. Once a short crack is initiated, its growth is highly influenced by the heterogeneous distribution of particles. Two characteristics distinguish the short crack behavior www.witpress.com, ISSN 1755-8336 (on-line) Figure 20 : A replot of the interfacial normal stress of the data in fig. 19 vs. the applied strain energy (with permission of Elsevier from [14] ). in PMMCs. First, both the direction and growth rate are highly affected by particles, especially the large ones. Second, the size of short cracks which exhibit micro-structure-sensitivity is much longer than that in metals and alloys. For example, fig. 21 shows the growth of an initially short crack of a i ≈ 120 µm under a maximum stress of σ max = 110 MPa, σ = 150 MPa and R =−0.35, Li and Ellyin [29] . It is seen that the crack growth up to three times the initial crack length is highly influenced by the particles as shown in the upper part of the figure. The fracture of an average sized particle in the crack path (from D to E) plays a key role in maintaining the crack growth.
The effect of a nearby particle on the stress/strain distribution in front of an advancing crack was investigated by a finite element analysis in Li and Ellyin [30] . Figure 22 shows the effect of a nearby particle on the stress distribution of an approaching short crack. Crack tip stress contours in the PMMC are plotted and compared with those in the matrix alloy under the same loading condition and geometry. It is observed that the presence of a particle in the crack path causes the maximum stress to shift from the crack tip to the particle. That is, the crack tip stress decreases and the normal tensile stress at the particle increases, especially on the part facing the crack tip. Furthermore, there is an increase in the stress magnitude in the space between the two particles ahead of the short crack ( fig. 22) . The plastic zone size ahead of a crack is also affected by the presence of the particles. The plastic zone size decreases, as a crack approaches a particle on its path. Since the crack growth results from the damage caused by irreversible movement of dislocations in the cyclic plastic zone, the change in the crack tip plastic zone size and shape will promote a change in the crack growth as the crack approaches a particle (Li, [31] ). Figure 23 shows an example of a short crack www.witpress.com, ISSN 1755-8336 (on-line) growth and its arrest. Here an initial crack of length a i = 180 µm is subjected to a maximum stress of σ max = 99 MPa (about the fatigue limit of the material). The crack growth pattern follows the drastically varying rate usually observed in the short crack growth ( fig. 21 ). In this case, however, after growing for about 100 µm, the crack tip reaches a large particle and ceases to propagate. The local stress state is not high enough to fracture the particle.
From the foregoing discussion we can distinguish two regimes of short crack growth, one which has sufficiently high crack tip stress field to drive it past the particle, and the second which is blocked by the particle(s). The latter was termed pre-cease short crack growth by Li and Ellyin [31] .
Long crack growth
The crack growth rate, da/dN , versus the maximum stress intensity factor, K max , for cracks longer than 3mm is shown in fig. 24 , in a log-log scale, for composites with 10% and 20% particle volume fraction and for the pure matrix alloy, respectively. It is seen that in the intermediate stress intensity, K max > 8 MPa(m) 1/2 , all the data fall on a straight line with a narrow scatter band. This indicates that the growth rate in the intermediate K max (or K) is independent of particles. However, in the near threshold region, there are three distinct growth curves for each material. The threshold stress intensity factor varies from 4.5 MPa(m) 1/2 for the matrix to 6.5 MPa(m) 1/2 for the 10% volume fraction composite to 7.5 MPa(m) 1/2 for that of 20%. Thus, the threshold stress intensity increases by about 44% for the first 10% particulate reinforcement and by about 22% for the next 10% reinforcement compared to the matrix threshold value. This is a fairly substantial increase in the threshold stress intensity which indicates an increased resistance to crack growth at the low (near threshold) values due to the presence of particles.
This type of behavior has also been reported for silicon carbide particle-reinforced aluminum, e.g. see Shang and Ritchie [32] . The reason for the ineffectiveness of particles to resist crack growth in the intermediate stress intensity factor can be rationalized as follows. For an elastic-plastic material with a power law strain hardening, a crack growth model was derived involving mechanical, cyclic, fatigue properties as well as a length parameter associated with the micro-structure (Ellyin, [16] ). The crack propagation model has the form of
where σ f and ε f are the fatigue strength and ductility coefficients and β = −(b + c) with b and c appearing as the exponents in the Coffin-Manson fatigue life relationship, δ * is a micro-structural length parameter indicating the extent of "process zone" and is generally of the order of the material grain size, and ψ = ψ(n') is a parameter, function of cyclic strain hardening exponent, n' and depends on the chosen singularity fields, (Ellyin, [33] ). The crack growth model, eqn (3) was obtained based on a material's capacity to absorb a certain amount of plastic strain energy. In the intermediate K range, where K 2 th can be neglected compared to K 2 , then (3) reduces to
A number of empirically proposed crack growth models can be derived as a particular case of relation (4). It is interesting to note that for the aluminum alloy 2/β ≈ 3.2 and the slope of the straight line in fig. 24 is 3.3. Fine and Davidson [34] have proposed an energy-based crack growth law
where A is a constant, G is the shear modulus and U is an effective surface energy. For the matrix material, the constants in (5) can be determined by equating (4) and (5) (see Ellyin, [16] ). The exponent 4 in eqn (5) over estimates the slope of the linear portion, therefore, we can write (5) in the form of
For a particle-reinforced composite, we may express U as
where subscripts c, m and p refer to the composite, matrix and particle, respectively, and f a is the area fraction of particles. Based on a uniform particle distribution
The monotonic yield stress of the PMMC, σ yc , varies with the particle volume fraction according to the following empirical formula
where α and C are constants equal to 2.1 and 1.14, respectively for the Al 2 O 3 /6061 A1, and σ ym is the yield stress of 6061 A1 matrix.
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Substituting from (8) , (9) and (7) into (6) and noting that U p U m , the crack growth rate of the composite is given by
The crack growth rate in the matrix alloy is similarly given by
A comparison of the crack growth rate of the composite with that of the same length crack in the matrix alloy under the same K, is obtained by dividing (10) by (11), which gives
The right-hand-side of (12) is approximately equal to 1, and thus, the growth rate of the composite approaches that of the matrix alloy (as seen in fig. 24 ).
Crack-phase diagram of PMMCs
Based on the observed behavior of short and long cracks in PMMCs, six crack growth regimes were identified by Li and Ellyin [31] : unstable growth, long crack growth; near-threshold long crack growth; short crack growth; pre-cease short crack growth, and non-growth phases. Figure 25 combines all the six phases in a diagram which displays the range of applied stress amplitude and crack length for each phase. Each phase boundary corresponds or is related to an overall material property.
The short crack growth (SG)
SG takes place at high stress amplitudes bounded on the ordinate by the fatigue limit σ fl and the fracture stress σ f , corresponding to a crack length of an average particle diameter, D. (There is often a cracked particle in the composite due to manufacturing process.) As the crack grows, the required applied stress to drive it decreases. The short crack grow rate, as discussed earlier, is local stress dominated as depicted by the da/dN vs. a, diagram at the top-left corner of fig. 25 . These cracks generally grow along the slip bands, however, in the PMMCs, both the size and shape of the crack-tip plastic zone is affected by the nearby particle.
The pre-cease short crack phase (PCS)
It is bounded between the applied fatigue limit stress, σ fl , and an applied stress of σ fl /K m t where K m t is a local material stress concentration factor
where σ loc is a local stress range averaged over a representative volume. With the increased crack length the influence of local stress decreases, σ fl /K m t represents a local stress equal to the fatigue limit of the bulk material.
Near-threshold long crack growth (LT)
This regime is depicted in fig. 25 , by a growth characteristic which corresponds to lower stresses than those of short cracks but a longer length, and a very steep growth rate. The cracks in this zone generally propagate along a slip band in the matrix. The particles along the crack path generally tend to debond rather than crack. The lower boundary of this phase corresponds to the threshold condition.
where Y is a crack geometric factor.
The long crack growth (LG)
This phase is bounded at its upper boundary by the critical condition of unstable crack growth. This condition is governed by the material toughness, i.e. the critical stress intensity value determined from the resistance curve.
For higher values of stress, K c , is to be substituted by an elastic-plastic parameter. At the long growth regime and intermediate K, the plastic zone is of a multiple slip nature. The resistance of a particle to the crack advance depends on the cyclic plastic zone ahead of a nearby crack. At the threshold for the long crack growth K th , the plastic zone (slip band) length is not long enough to extend over the neighboring particle and to crack it.
In summary, each of the above crack growth phase boundaries corresponds to a certain material property. In the case of short cracks, they are strength parameters in terms of stress, i.e. σ f or σ fl whereas for the long cracks they are related to the stress intensity factors, e.g. K c or K th . The short crack regime in PMMCs is more extensive than that of the matrix alloy, and the plastic zone www.witpress.com, ISSN 1755-8336 (on-line) Figure 26 : Variation of crack opening displacement (COD) during a crack growth towards a particle (with permission of Elsevier in [30] ).
shape varies as the crack tip approach a particle, as depicted in fig. 25 . Further discussion on the crack tip cyclic plasticity patterns can be found in Ellyin and Li [35] .
Effects of particle size
The effect of the particle size on the crack opening displacement, COD, of an advancing crack was investigated by Li and Ellyin [30] . A fine and a coarse particle-reinforced composite with the same volume fractions were analyzed. A comparison of the variation of COD as the crack approaches a particle on its path, is shown in fig. 26 . In this figure the abscissa is non-dimensionalized by dividing the crack length a, by the spacing between large particles, d l . The ordinate is the crack opening displacement. It is seen that the effect of a particle on the advancing short crack is noticeable when the crack tip is very close to the particle. In the case of a coarse particle-reinforced composite, the crack growth is unimpeded for a longer distance. This figure clearly indicates that for the same applied load and volume fraction, a fine particle (open triangle) composite provide a better resistance to the short crack growth than a coarse particle one (solid circle). Crack tip stress is also influenced by the nearby particle size. For example, for the same short crack length and an equal distance from the crack tip, a larger particle reduces the crack tip stress more than a small one, and has a larger influence zone. The normal stress, however, is greater in a large particle compared to a smaller one. For example, for a short crack of a = 36 µm at a distance d = 20 µm from a particle, the maximum stress at a 20 µm diameter particle is 4 times the applied stress, whereas it is 1.4 times the applied stress for a particle half the above size, (Li, [30] ). Therefore, a large particle is more likely to fracture when a crack approaches it.
The fracture mechanism also changes from decohesion to particle cracking as the size of the particle increases.
Fatigue life
In this section typical fatigue resistance and fatigue damage mechanisms of particle reinforced metal matrix composites under both uniaxial and multiaxial loading will be presented. Two micro-structural factors play key roles in the understanding of the fatigue resistance and damage mechanisms of PMMCs. The first one is thermo-residual stresses in PMMCs following heat treatment. These stresses arise because of the considerably different thermal expansion of metal matrix and ceramic particles. Secondly, the inevitable inhomogeneous distribution of the particles induces local defects and local high stress concentrations. It is shown in Section 5 dealing with the crack growth that the instantaneous growth rate and growth direction of short cracks in PMMCs vary more drastically than in metals and alloys at constant amplitude cyclic loads, e.g. see (Li and Ellyin, [29] ). Here we seek an alternative approach to the short crack problem. The objective is to identify a suitable damage parameter which correlates with the short crack initiation and growth. For this purpose both stress-controlled and strain-controlled fatigue tests of smooth PMMC specimens will be reviewed. fig. 27 in terms of the applied maximum stress. The specimen material was A1 2 O 3 /A1 composite with 22% volume fraction of reinforced particles. The average particle size was 12 µm and the specimens were heat treated to T6 condition. The fatigue limit and cyclic yield stress of the PMMC were 101 MPa and 175 MPa, respectively.
The maximum cyclic stress versus the fatigue life of the PMMC is shown in fig. 27 (Li and Ellyin, [21] ). For the sake of comparison the fatigue life of the matrix alloy 6061 A1 at the same T6 heat treatment is shown in the same figure, the data provided by the manufacturer, Duralcan. Included in the figure is the curve for the alumina polycrystal taken from Lin et al. [36] . It is seen that for the same applied maximum cyclic stress, the fatigue life of the composite is much longer than the matrix alloy. The difference in fatigue life decreases with the decrease of the applied maximum stress. The flat dashed line in fig. 27 is the fatigue life curve for the alumina, indicating that the fatigue failure of the ceramic alumina is stress-based. specimens of 6061-T6 alloy are also shown in the figure by a dashed line. It is important to note that the fatigue life of the composite is considerably shorter than that of the alloy at the same strain amplitude. The difference in fatigue life of the composite and the unreinforced alloy also decreases as the applied strain amplitude is reduced. The above two figures indicate that the fatigue resistance of the PMMC in the high cycle regime is superior to that of the unreinforced alloy, but the trend is reversed in the low cycle fatigue regime. This can be understood by noting that the maximum nominal strain in the composite specimen is much smaller than that of the alloy at the same applied cyclic stress amplitude due to the difference in the elastic moduli (99 MPa vs. 68.3 MPa). Moreover, the higher strain amplitude in the low cycle regime causes extremely high internal stresses in the particles because of the compatibility requirement at the particle/matrix interfaces. This results in fracture or interface debonding and reduces fatigue life of the PMMC.
Low cycle fatigue
Multiaxial fatigue
Fatigue test data of PMMCs under multiaxial cyclic loading are relatively few in comparison with the data of uniaxial cyclic loading. Under service conditions, most load carrying components are subjected to loads of a multiaxial nature. From the experimental results presented in Section 2, it is clear that the particle reinforced metal matrix composite is more susceptible to damage under the biaxial loading than that under the uniaxial loading. Therefore, it is important to investigate the multiaxial fatigue behavior and to identify a suitable damage parameter to correlate the fatigue life of PMMCs under multiaxial cyclic loading.
Experimental results of biaxial fatigue tests
Four types of strain-controlled fully reversed cyclic tests were performed on thin-walled tubular specimens made of 22% A1 2 O 3 /6061A1 with T6 heat treatment condition. The loading paths included: uniaxial, pure shear, equi-biaxial and 90 • out-of-phase loading, see fig. 4 in Section 2 for a pictorial presentation of these paths. In total 36 specimens were tested. For a given strain range of each loading path, generally two tests were carried out to ascertain the reliability of the results. Detailed results are summarized in table 1 in Xia and Ellyin [37] . These results are presented here in figs 29-31.
Correlation of test results with fatigue damage parameters
Various fatigue damage parameters for multiaxial stress state have been suggested in the past. Ellyin [16] has summarized these parameters (criteria) into three categories: stress-based, strainbased or energy-based parameters. In the following three parameters are chosen to correlate the multiaxial fatigue test data of the PMMCs.
www.witpress.com, ISSN 1755-8336 (on-line) Figure 31 : Correlation of the total strain energy density with the multiaxial fatigue lives (with permission of Elsevier in [37] ).
Maximum equivalent stress
The von Mises stress is the most popular parameter used for metals and alloys. For the biaxial stress state, the maximum equivalent stress is defined as 
The correlation of the σ e,max with the fatigue life of the specimens is shown in fig. 29 . It is seen that the data points are spread over a relatively wide range in the figure and cannot be correlated by using a single curve. However, for each individual type of loading path, the data points can be approximately fitted by a linear curve as shown in the figure. It is noted that the line for the 90 • out-of-phase loading path results in the lowest life. And the sequence thereafter is equi-biaxial, uniaxial and pure shear. Therefore, for a specified equivalent stress, the pure shear loading results in the highest life, whereas the equi-biaxial out-of-phase cycling results in the lowest life.
Multiaxial fatigue parameter based on critical plane
Critical plane models are based on an interpretation that fatigue cracks generally grow on particular planes, termed as critical plane. One of the most often used parameters in correlating multiaxial fatigue data is expressed as (Brown and Miller, [38] )
where γ max is the maximum shear strain, ε n is the normal strain on the plane of the maximum shear strain and k is a material constant. The test data points on the log γ * vs. log N f axes are shown in fig. 30 . The best fitted result is:
It can be seen that the test data points are spread over a relatively wide range around the best fitted line, Indeed, the correlation coefficient of the above fitting is only 0.742.
Multiaxial fatigue parameter based on strain energy
Ellyin et al. [39] have developed a fatigue damage theory in which a parameter based on strain energy is correlated with the multiaxial fatigue life of materials. The suggested function is expressed as
In the above, W t is called "total strain energy", a parameter used to correlate the multiaxial fatigue data of materials. It consists of two parts: W p is the plastic strain energy per cycle, W e+ is the elastic strain energy associated with the positive (tensile) stress components,ρ is called multiaxial constraint factor (MCF) which is determined by considering different surface constraint conditions for different biaxial stress state. k, α and C on the right side of the eqn (19) are material constants where C is a non-damaging energy associated with the material's fatigue limit. Detailed procedure to calculate W p , W e+ andρ for the four different types of cyclic loading paths can be found in (Xia, [37] ).
The test data points on the log W t − log N f axes are shown in fig. 31 . The best fitted result is:
It can be seen that the scatter band around the best fitted line is small compared to figs 29 and 30. The correlation coefficient of the above fitting is 0.909.
The above results clearly show that the total strain energy parameter provides the best correlation for various cyclic loading paths. The essential interaction between stress and strain and hence the path dependence is inherently included in the strain energy parameter. A combination of plastic energy, W p and elastic energy, W e+ has extended the applicability of the parameter to both low and high cycle fatigue. Therefore, it is a suitable multiaxial fatigue parameter to be used in the prediction of fatigue life of PMMCs.
Summary
The results of experimental investigations on the mechanical and cyclic properties of alumina reinforced 6061 aluminium alloy composites under uniaxial and multiaxial loading have been presented and discussed. These data are of importance for the further application of metal matrix composite materials in engineering structures.
The experimental results indicate that particulate reinforcement significantly enhances the stiffness, high cyclic fatigue life, short fatigue crack resistance and multiaxial damage resistance of the matrix alloy. However, the ductility and low cycle fatigue life of the metal matrix composites are inferior to that of the unreinforced alloy. Inhomogeneous particle distribution which causes damage localization, further reduces ductility and fatigue resistance of the composites.
A series of finite element models have been developed. They include: simple unit cell representation, body center cubic unit cell model, micrograph image-based model, as well an integrated model for local damage and clustering distribution. These models are able to analyze the stressstrain relationship, to reveal damage mechanisms, and to simulate particle distribution influence for the composite materials.
A predictive parameter based on the strain energy is shown to correlate well with the experimental results of the fatigue life of the composites under multiaxial cyclic loading.
